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Abstract
In this article, we introduce an explicit P-wave to construct three-quark currents
to study the P-wave Ωb states with the full QCD sum rules. The predicted masses
have a hierarchy if the same parameters are chosen and favor assigning the Ωb(6316),
Ωb(6330), Ωb(6340) and Ωb(6350) to be the P-wave Ωb states with the J
P = 3
2
−
, 1
2
−
,
5
2
−
and 3
2
−
, respectively.
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1 Introduction
Recently, the LHCb collaboration reported four narrow peaks in the Ξ0bK
− mass spectrum,
the measured masses are
M(Ωb(6316)) = 6315.64 ± 0.31 ± 0.07 ± 0.50MeV ,
M(Ωb(6330)) = 6330.30 ± 0.28 ± 0.07 ± 0.50MeV ,
M(Ωb(6340)) = 6339.71 ± 0.26 ± 0.05 ± 0.50MeV ,
M(Ωb(6350)) = 6349.88 ± 0.35 ± 0.05 ± 0.50MeV , (1)
where the uncertainties are statistical, systematic and the last is due to the knowledge of
the Ξ0b mass [1]. The significances of the Ωb(6316) and Ωb(6330) peaks are 2.1σ and 2.6σ
respectively, while the significances of the Ωb(6340) and Ωb(6350) peaks exceed 5σ.
In the constituent quark models, the Ωb states have three valence quarks s, s and b.
Without introducing an additional P-wave, we obtain the ground state Ωb states, Ωb(
1
2
+
)
and Ωb(
3
2
+
), which have the spin-parity JP = 12
+
and 32
+
, respectively. Up to now, only the
Ωb(
1
2
+
) is observed, the Ωb(
3
2
+
) has not been established yet [2]. If there exists a relative
P-wave between the two s-quarks or between the ss-diquark and b-quark, we obtain five
negative-parity Ωb states. If exciting a P-wave costs about 300− 350MeV, just like in the
case of the Ωc states, the P-wave Ωb states should have the masses about 6350−6400MeV.
Direct calculations based on the quark models and diquark-quark models indicate that the
P-wave Ωb baryon states have the masses about 6.30 − 6.50GeV [3, 4].
In 2017, the LHCb collaboration studied the Ξ+c K
− mass spectrum, and observed five
new narrow excited Ω0c states, Ωc(3000), Ωc(3050), Ωc(3066), Ωc(3090), Ωc(3119) [5]. If
they are P-wave Ωc states [6, 7], the mass-gaps between the S-wave and P-wave Ωc states
are about 300−350MeV. Other assignments, such as the 2S Ωc states with the spin-parity
JP = 12
+
and 32
+
cannot be excluded at the present time [8].
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After the discovery of the Ωb(6316), Ωb(6330), Ωb(6340) and Ωb(6350), Chen et al
studied the masses and decay widths of the P-wave Ωb states via the QCD sum rules
combined with the heavy quark effective theory [9], while Liang and Lu studied the strong
decays of those Ωb states with the
3P0 model and assigned them as the λ-model P-wave
Ωb states [10].
In previous work [7], we tentatively assigned the Ωc(3000), Ωc(3050), Ωc(3066), Ωc(3090)
and Ωc(3119) to be the P-wave Ωc states with J
P = 12
−
, 12
−
, 32
−
, 32
−
and 52
−
, respectively,
introduced a relative P-wave explicitly in constructing the current operators, and studied
them with the full QCD sum rules. In this article, we extend our previous work to study
the Ωb(6316), Ωb(6330), Ωb(6340) and Ωb(6350) states as the P-wave Ωb states with the
full QCD sum rules.
The article is arranged as follows: we derive the QCD sum rules for the Ω−b states as
P-wave baryons in Sect.2; in Sect.3, we present the numerical results and discussions; and
Sect.4 is reserved for our conclusions.
2 QCD sum rules for the P-wave Ω−b states
Now let us write down the two-point correlation functions Π(p), Πµν(p), Πµναβ(p) firstly,
Π(p) = i
∫
d4xeip·x〈0|T {J(x)J¯(0)} |0〉 ,
Πµν(p) = i
∫
d4xeip·x〈0|T {Jµ(x)J¯ν(0)} |0〉 ,
Πµναβ(p) = i
∫
d4xeip·x〈0|T {Jµν(x)J¯αβ(0)} |0〉 , (2)
where Jµ(x) = J
1
µ(x), J
2
µ(x),
J(x) = iεijk
[
∂µsTi (x)Cγ
νsj(x) + s
T
i (x)Cγ
ν∂µsj(x)
]
σµν bk(x) ,
J1µ(x) = iε
ijk
[
∂αsTi (x)Cγ
βsj(x) + s
T
i (x)Cγ
β∂αsj(x)
]
(g˜µαγβ − g˜µβγα) γ5bk(x) ,
J2µ(x) = iε
ijk
[
∂αsTi (x)Cγ
βsj(x) + s
T
i (x)Cγ
β∂αsj(x)
]
(
gµαγβ + gµβγα − 1
2
gαβγµ
)
γ5bk(x) ,
Jµν(x) = iε
ijk
[
∂µs
T
i (x)Cγνsj(x) + ∂νs
T
i (x)Cγµsj(x) + s
T
i (x)Cγν∂µsj(x)
+sTi (x)Cγµ∂νsj(x)
]
bk(x) , (3)
g˜µν = gµν − 14γµγν , the i, j, k are color indices, the C is the charge conjugation matrix.
We choose the current operators J(x), Jµ(x) and Jµν(x) to study the P-wave Ωb states
with the spin J = 12 ,
3
2 and
5
2 , respectively. For detailed discussions on how to construct
those current operators, one can consult Ref.[7].
The current operators J(0), Jµ(0) and Jµν(0) couple potentially to the spin-parity
2
JP = 12
∓
, 32
∓
and 52
∓
Ωb baryon states Ω
∓
1
2
, Ω∓3
2
and Ω∓5
2
, respectively,
〈0|J(0)|Ω−1
2
(p)〉 = λ−1
2
U−(p, s) ,
〈0|Jµ(0)|Ω−3
2
(p)〉 = λ−3
2
U−µ (p, s) ,
〈0|Jµν(0)|Ω−5
2
(p)〉 = λ−5
2
U−µν(p, s) , (4)
〈0|J(0)|Ω+1
2
(p)〉 = λ+1
2
iγ5U
+(p, s) ,
〈0|Jµ(0)|Ω+3
2
(p)〉 = λ+3
2
iγ5U
+
µ (p, s) ,
〈0|Jµν(0)|Ω+5
2
(p)〉 = λ+5
2
iγ5U
+
µν(p, s) , (5)
as multiplying iγ5 to the current operators can change their parity [11, 12, 13], where the
U±(p, s), U±µ (p, s) and U
±
µν(p, s) are Dirac and Rarita-Schwinger spinors, respectively, the
λ±j with j =
1
2 ,
3
2 ,
5
2 are the pole residues. For the properties of those spinors, one can
consult Refs.[7, 12].
At the hadron side, we insert a complete set of intermediate Ωb states with same
quantum numbers as the current operators J(x), iγ5J(x), Jµ(x), iγ5Jµ(x), Jµν(x) and
iγ5Jµν(x) into the correlation functions, and take into account the possible current-baryon
couplings defined in Eqs.(4)-(5) to obtain the hadron representation,
Π(p) = λ−1
2
2 6p+M−
M2− − p2
+ λ+1
2
2 6p−M+
M2+ − p2
+ · · · ,
= Π 1
2
(p2) , (6)
Πµν(p) =
[
λ−3
2
2 6p+M−
M2− − p2
+ λ+3
2
2 6p−M+
M2+ − p2
]
(−gµν + · · · ) + · · · ,
= Π 3
2
(p2) (−gµν) + · · · , (7)
Πµναβ(p) =
[
λ−5
2
2 6p+M−
M2− − p2
+ λ+5
2
2 6p−M+
M2+ − p2
](
g˜µαg˜νβ
2
+ · · ·
)
+ · · · ,
= Π 5
2
(p2)
gµαgνβ + gµβgνα
2
+ · · · , (8)
where g˜µν = gµν− pµpνp2 . We choose the tensor structures gµν and gµαgνβ+gµβgνα to study
the spin j = 32 and
5
2 Ωb states, respectively [7, 12].
Now it is straightforward to get the hadronic spectral densities through dispersion
relation,
ImΠj(s)
pi
= 6p
[
λ−j
2
δ
(
s−M2−
)
+ λ+j
2
δ
(
s−M2+
)]
+
[
M−λ
−
j
2
δ
(
s−M2−
)−M+λ+j 2δ (s−M2+)] ,
= 6p ρ1j,H(s) + ρ0j,H(s) , (9)
where j = 12 ,
3
2 ,
5
2 , we add the subscript H to represent the hadron side.
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At the QCD side, we carry out the operator product expansion up to the vacuum
condensates of dimension 10 and take into account the vacuum condensates 〈s¯s〉, 〈αsGGpi 〉,
〈s¯gsσGs〉, 〈s¯s〉〈s¯gsσGs〉, 〈s¯gsσGs〉2, which are vacuum expectations of the quark-gluon
operators of the order O(αks) with k ≤ 1, the vacuum condensate 〈s¯s〉2 has no contribution.
Again, we get the QCD spectral densities through dispersion relation,
ImΠj(s)
pi
= 6p ρ1j,QCD(s) + ρ0j,QCD(s) , (10)
where j = 12 ,
3
2 ,
5
2 , the interested readers can acquire the explicit expressions of the QCD
spectral densities ρ1j,QCD(s) and ρ
0
j,QCD(s) via contacting me with E-mail.
Now let us implement the quark-hadron duality below the continuum thresholds s0
and introduce the weight function exp
(− s
T 2
)
to get the QCD sum rules:
2M−λ
−
j
2
exp
(
−M
2
−
T 2
)
=
∫ s0
m2c
ds
[√
sρ1j,H(s) + ρ
0
j,H(s)
]
exp
(
− s
T 2
)
=
∫ s0
m2c
ds
[√
sρ1j,QCD(s) + ρ
0
j,QCD(s)
]
exp
(
− s
T 2
)
, (11)
where the T 2 is the Borel parameter.
We derive Eq.(11) in regard to 1T 2 , then eliminate the pole residues λ
−
j and get the
QCD sum rules for the masses of the Ωb states with negative-parity,
M2− =
− d
d(1/T 2)
∫ s0
m2c
ds
[√
sρ1j,QCD(s) + ρ
0
j,QCD(s)
]
exp
(− s
T 2
)
∫ s0
m2c
ds
[√
sρ1j,QCD(s) + ρ
0
j,QCD(s)
]
exp
(− s
T 2
) . (12)
3 Numerical results and discussions
We choose the standard values of the vacuum condensates 〈q¯q〉 = −(0.24 ± 0.01GeV)3,
〈s¯s〉 = (0.8 ± 0.1)〈q¯q〉, 〈s¯gsσGs〉 = m20〈s¯s〉, m20 = (0.8 ± 0.1)GeV2, 〈αsGGpi 〉 = (0.33GeV)4
at the energy scale µ = 1GeV [14, 15, 16], theMS massesmb(mb) = (4.18±0.03)GeV and
ms(µ = 2GeV) = (0.095 ± 0.005)GeV from the Particle Data Group [2]. We extract the
masses of the P-wave Ωb states at the best energy scales µ of the QCD spectral densities,
the input parameters evolve with the energy scale µ according to the re-normalization
group equation,
〈s¯s〉(µ) = 〈s¯s〉(1GeV)
[
αs(1GeV)
αs(µ)
] 12
23
,
〈s¯gsσGs〉(µ) = 〈s¯gsσGs〉(1GeV)
[
αs(1GeV)
αs(µ)
] 2
23
,
mb(µ) = mb(mb)
[
αs(µ)
αs(mb)
] 12
23
,
ms(µ) = ms(2GeV)
[
αs(µ)
αs(2GeV)
] 12
23
,
αs(µ) =
1
b0t
[
1− b1
b20
log t
t
+
b21(log
2 t− log t− 1) + b0b2
b40t
2
]
, (13)
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currents T 2(GeV2)
√
s0(GeV) Pole Pert
J1µ 5.0− 5.6 7.0 ± 0.1 (42− 61)% (90− 92)%
J 4.9− 5.5 7.0 ± 0.1 (42− 62)% (90− 92)%
Jµν 5.2− 5.8 7.0 ± 0.1 (42− 61)% (96− 97)%
J2µ 5.0− 5.6 7.0 ± 0.1 (41− 61)% (98− 99)%
Table 1: The Borel windows T 2, continuum threshold parameters s0, pole contributions
(Pole) and perturbative contributions (Pert).
currents JPjl MΩ(GeV) λΩ(10
−1GeV4) assignments
J1µ
3
2
−
1
6.31 ± 0.11 1.25 ± 0.21 Ωb(6316)
J 12
−
0
6.32 ± 0.11 2.80 ± 0.47 Ωb(6330)
Jµν
5
2
−
2
6.35 ± 0.10 2.46 ± 0.37 Ωb(6340)
J2µ
3
2
−
2
6.37 ± 0.09 4.28 ± 0.66 Ωb(6350)
Table 2: The masses MΩ, pole residues λΩ and possible assignments of the Ωb states,
where the jl is the total angular momentum of the light degree of freedom.
where t = log µ
2
Λ2
QCD
, b0 =
33−2nf
12pi , b1 =
153−19nf
24pi2
, b2 =
2857− 5033
9
nf+
325
27
n2
f
128pi3
, ΛQCD =
210MeV, 292MeV and 332MeV for the flavors nf = 5, 4 and 3, respectively [2, 17],
we take the flavor nf = 5.
In Refs.[18, 19], we study the energy scale dependence of the QCD sum rules for
the hidden-charm (bottom) tetraquark states and molecular states for the first time, and
suggest an energy scale formula µ =
√
M2X/Y/Z − (2MQ)2 to choose the best energy scales
of the QCD spectral densities, where the X, Y , Z are the four-quark (exotic) states, and
the MQ are the effective heavy quark masses or constituent quark masses. If we resort
to the diquark-quark model to construct the current operators to interpolate the heavy
baryon states B, and there exists an analogous energy scale formula µ =
√
M2B −M2Q to
choose the best energy scales of the QCD spectral densities [7]. We choose the updated
valueMb = 5.17GeV fitted in the QCD sum rules for the diquark-antidiquark type hidden-
bottom tetraquark states [20], then µ =
√
6.352 − 5.172 GeV ≈ 3.7GeV. In this article,
we set the energy scales to be µ = 3.7GeV.
Now let us search for the best Borel parameters and continuum threshold parameters
to warrant convergence of the operator product expansion at the QCD side and pole
dominance at the hadron side via trial and error. Finally, we get the Borel windows
T 2, continuum threshold parameters s0, pole contributions (or the contributions below
the continuum thresholds s0) and perturbative contributions (or the contributions of the
perturbative terms), see Table 1. From the Table, we observe that the pole contributions
are about (40 − 60)%, the pole dominance criterion is satisfied, on the other hand, the
main contributions come from the perturbative terms, the operator product expansion
converges very good.
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Figure 1: The masses of the P-wave Ωb states with variations of the Borel parameters
T 2.
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Now we take into account all uncertainties of the input parameters, and get the values
of the masses and pole residues of the P-wave Ωb states, which are shown in Fig.1 and
Table 2. In Fig.1, we plot the masses of the P-wave Ωb states with variations of the Borel
parameters T 2. From the four diagrams in the figure, we can see that there appear very
flat platforms indeed, the uncertainties come from the Borel parameters T 2 are very small,
it is reliable to extract the masses of the P-wave Ωb states.
From Table 2, we can see that the predicted masses of the P-wave Ωb states are all
consistent with the experimental values of the masses of the Ωb(6316), Ωb(6330), Ωb(6340)
and Ωb(6350) from the LHCb collaboration within uncertainties [1]. The central values of
the masses 6.31± 0.11GeV, 6.32± 0.11GeV, 6.35± 0.10GeV and 6.37± 0.09GeV shown
in Table 2 come from the QCD sum rules with the same continuum threshold parameters√
s0 = 7.0GeV, pole contributions 51%, and energy scales of the QCD spectral densities
µ = 3.7GeV. We can get the conclusion tentatively that the predicted masses of the P-
wave Ωb states have the hierarchy MJ1µ < MJ < MJµν < MJ2µ , where we use the currents
to represent the corresponding Ωb states. The present calculations favor assigning the
Ωb(6316), Ωb(6330), Ωb(6340) and Ωb(6350) as the P-wave Ωb states with the spin-parity
JP = 32
−
, 12
−
, 52
−
and 32
−
, respectively, see Table 2.
The LHCb collaboration observed the four narrow structures Ωb(6316), Ωb(6330),
Ωb(6340) and Ωb(6350) in the Ξ
0
bK
− mass spectrum. In this article, we study the P-
wave Ωb states, which have an explicit P-wave between the two s-quarks. The decays
Ωb(6316/6330/6340/6350) → Ξ0bK− take place by creating a uu¯ pair with JP = 0+ from
the QCD vacuum, the relative P-wave between the two s-quarks frustrates the formation
of the S-wave scalar us-diquark correlation so as to form the Ξ0b baryon, which can account
for the narrow widths of the Ωb states.
In Ref.[4], we choose the currents without introducing relative P-waves to study the
negative parity heavy and doubly-heavy baryon states in an systematic way, and obtain
the predictions for the masses M = 2.98± 0.16GeV and 6.27± 0.14GeV for the JP = 12
−
heavy baryon states Ω0c and Ω
−
b , respectively, where the diquark constituent or operator
εijksTj Cγµsk is chosen to construct the interpolating currents J˜(x) with the spin-parity
JP = 12
+
,
J˜(x) = εijksTi (x)Cγµsj(x)γ
µγ5Qk(x) , (14)
Q = c and b. As multiplying iγ5 to the baryon currents J˜(x) changes their parity, we
can also choose the currents without introducing relative P-waves to study the P-wave
baryon states. The currents J˜(x) also couple potentially to the Ω0c or Ω
−
b state with the
spin-parity JP = 12
−
[4], the mass of the Ωc(3000) from the LHCb collaboration is in very
good agreement with the prediction M = 2.98±0.16GeV from the QCD sum rules [4]. In
Ref.[7], we assign the Ωc(3050), Ωc(3066), Ωc(3090) and Ωc(3119) to be the P-wave baryon
states with the spin-parity JP = 12
−
, 32
−
, 32
−
and 52
−
, respectively, where the two s quarks
are in relative P-wave; and assign the Ωc(3000) to be the P-wave baryon state with the
spin-parity JP = 12
−
, where the two s quarks are in relative S-wave. At the present time,
there is no experimental candidate for the corresponding Ω−b state with the spin-parity
JP = 12
−
, where the two s quarks are in relative S-wave. In Ref.[7], we also construct the
7
current Jˆ(x) with the spin-parity JP = 12
−
,
Jˆ(x) = iεijk
[
∂µsTi (x)Cγ
νsj(x) + s
T
i (x)Cγ
ν∂µsj(x)
]
gµν ck(x) , (15)
to study the negative parity Ω0c states, but cannot obtain stable QCD sum rules. In this
article, we abandon the corresponding current Jˆ(x) |c→b.
4 Conclusion
In this article, we introduce an explicit P-wave between the two s-quarks to construct the
current operators to study the P-wave Ωb states with the full QCD sum rules by carrying
out the operator product expansion up to the vacuum condensates of dimension 10. In
calculations, we resort to the energy scale formula to choose the best energy scales of the
QCD spectral densities, and get very stable QCD sum rules in the Borel widows, where
the operator product expansion converges very good and the contributions of the pole
terms are satisfactory. The present calculations favor assigning the Ωb(6316), Ωb(6330),
Ωb(6340) and Ωb(6350) to be the P-wave Ωb states with the J
P = 32
−
, 12
−
, 52
−
and 32
−
,
respectively.
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